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YAMABE-TYPE EQUATIONS ON CARNOT GROUPS
GIOVANNI MOLICA BISCI AND DUSˇAN REPOVSˇ
Abstract. This article is concerned with a class of elliptic equations on
Carnot groups depending of one real positive parameter and involving a crit-
ical nonlinearity. As a special case of our results we prove the existence of
at least one nontrivial solution for a subelliptic critical equation defined on a
smooth and bounded domain D of the Heisenberg group Hn = Cn × IR. Our
approach is based on pure variational methods and locally sequentially weakly
lower semicontinuous arguments.
1. Introduction
In this paper we study the critical boundary value problem
(P gµ,λ)
{
−∆Gu = µ|u|
2∗−2u+ λg(u) in D
u|∂D = 0,
where ∆G is a sublaplacian on a Carnot group G, 2
∗ is the critical Sobolev exponent
for ∆G, D is a smooth bounded domain of G, µ and λ are real positive parameters,
and g denotes a subcritical continuous function.
Equations like (P gµ,λ) naturally arise in the study of the Yamabe problem for a
CR manifold (M, g). This is the problem of finding a contact form g˜ on M with
prescribed constant Webster scalar curvature that, as is well-known, is equivalent
to finding a positive function w ∈ C∞(M) such that
(Y )
{
g˜ = w4/(q−2)g
−∆Mw + kgw = kg˜w
q+2
q−2 ,
where kg and kg˜ are respectively the scalar curvature of (M, g) and (M, g˜), and
∆M denotes the Laplace-Beltrami operator on M .
In particular, let h0 be the standard contact form of the sphere S
2n+1. Given a
smooth function ϕ˜ on S2n+1, the Webster scalar curvature problem of S2n+1 consists
of finding a constant form h conformal to h0 such that the corresponding Webster
scalar curvature is ϕ˜.
This problem is equivalent to solving the following equation
(1) cn∆hw(σ) +
n(n+ 1)
2
w(σ) = ϕ˜(σ)w(σ)
cn
2 , σ ∈ S2n+1
where ∆h is the Laplace-Beltrami operator on (S
2n+1, h0) and cn := 2(1 + 1/n).
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Using the Cayley map on the Heisenberg group Hn, equation (1), up to a con-
stant, assumes the following form
−∆Hnu = ϕ(ξ)u
q+2
q−2 , ξ ∈ Hn
where ∆Hn is the Kohn-Laplacian operator on H
n and q := 2n+ 2 is the homoge-
neous dimension of Hn (see [21] for details).
Hence the study of critical equations on stratified Lie groups is strictly connected
to the above problem. However, the greatest part of the literature is devoted to
the Heisenberg group Hn, while only few results are known for the general Carnot
setting. For related topics, see, among others, the papers [3, 6, 18, 24, 25, 27] and
references therein.
For instance, in [9, Theorems 1.1 and 1.2], Citti studied the critical semilinear
problem
(Pf )
{
−∆Hnu+ a(ξ)u = u
q+2
q−2 + f(ξ, u) in Ω
u|∂Ω = 0,
where Ω ⊂ IR2n+1 is a smooth bounded domain, a ∈ L∞(Ω), q is again the homo-
geneous dimension of Hn, and f denotes a suitable subcritical continuous function.
In this case, the main ingredient of the proof was the explicit knowledge of the
Sobolev minimizers for the Heisenberg gradient (see the paper of Jerison and Lee
[20]).
In general, by using suitable versions of the classical Concentration-Compactness
principle established by Lions in [23], existence results for subelliptic problems can
be found by imposing conditions that permit a comparison of the critical levels for
suitable Euler-Lagrange functionals.
For instance, Garofalo and Vassilev studied in [19] the best constant in the
Folland-Stein embedding on G, by using concentration-compactness arguments.
Successively, exploiting this result and by means of a deep analysis developed by
Bonfiglioli and Uguzzoni in [5], Loiudice studied in [24] the existence of positive and
sign changing solutions for critical problems on Carnot groups, extending to this
subelliptic context the results obtained by Bre´zis and Nirenberg in their pioneering
paper [7]. See, among others, the papers [2, 8, 16, 17, 30] and references therein for
related results.
It is natural to ask the question whether there are other approaches that give
rise to existence results for critical elliptic equations, and which do not require the
preceding comparison procedure.
Along this direction, in this paper (see Theorem 4.1), by using direct variational
methods, we prove the existence of one weak solution in the Folland-Stein space
S10(D) for problem (P
g
µ,λ) without any use of concentration-compactness techniques,
provided that the parameter λ is sufficiently small.
A key ingredient of the proof of Theorem 4.1 is a weakly lower semicontinuity
trick (see Proposition 3.1) previously used in literature for studying quasilinear p-
Laplacian equations involving critical nonlinearities in the Euclidean setting (see
[10, 28] and Remark 4.4). More precisely, we prove that, for every µ > 0, the
restriction of the functional
Lµ(u) :=
1
2
∫
D
|∇Gu(ξ)|
2 dξ −
µ
2∗
∫
D
|u(ξ)|2
∗
dξ, ∀u ∈ S10(D)
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to a sufficiently small ball in S10(D) is weakly lower semicontinuous. Consequently,
the energy functional
Jµ,λ(u) := Lµ(u)− λ
∫
D
(∫ u(ξ)
0
g(τ)dτ
)
dξ, ∀u ∈ S10(D)
associated to (P gµ,λ), is locally sequentially weakly lower semicontinuous, and by
direct minimization we can prove that for any µ > 0 and λ sufficiently small, the
functional Jµ,λ admits a critical point (local minimum), which turns out to be a
weak solution of problem (P gµ,λ).
A special case of our result reads as follows.
Theorem 1.1. Let D be a smooth and bounded domain of the Heisenberg group
Hn and g : IR→ IR a continuous function with g(0) 6= 0, for which
(g′∞) there exist a1, a2 > 0 and p ∈
[
1, 2
(
n+ 1
n
))
such that
|g(t)| ≤ a1 + a2|t|
p−1,
for every t ∈ IR.
Then there exists an open interval Λ ⊂ (0,+∞) such that for every λ ∈ Λ, the
following subelliptic problem{
−∆Hnu = |u|
2∗h−2u+ λg(u) in D
u|∂D = 0,
where 2∗h is the critical Sobolev exponent for ∆Hn , admits at least one nontrivial
weak solution in the Folland-Stein space H10(D).
The interval Λ in the above result can be explicitly localized. More precisely,
setting
c2∗
h
:= sup
u∈H1
0
(D)\{0}
(∫
D
|u(ξ)|2
∗
hdξ
)1/2
(∫
D
|∇Hnu(ξ)|
2 dξ
)1/2 ,
one has
Λ ⊆
(
0,max
̺≥0
h(̺)
)
,
where
h(̺) :=
̺− c
2∗h
2∗
h
̺2
∗
h−1
a1c2∗
h
|D|
2∗
h
−1
2∗
h + a2c
p
2∗
h
|D|
2∗
h
−p
2∗
h ̺p−1
,
and |D| denotes the Lebesgue measure of the smooth and bounded domainD ⊂ Hn.
See Remark 4.2 for details.
Since the technique used in the paper does not require any Lie group structure
the results that we state here are valid for more general operators than the sub-
Laplacians on Carnot groups. The Carnot group structure is crucially used along
the paper in the facts that the Sobolev constant κ2∗ given in (5) is finite and that
the rational function hµ introduced in Section 4, formula (16), is well-defined (see
also Remark 4.3).
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The plan of the paper is as follows. Section 2 is devoted to our abstract frame-
work and basic definitions. Next, in Section 3, Proposition 3.1 and some prepara-
tory results (see Lemmas 3.3 and 3.4) are presented. In the last section, Theorem
4.1 is proved and some examples are proved (see Examples 4.6 and 4.7).
2. Abstract Framework
In this section we briefly recall some basic facts on Carnot groups and the func-
tional space S10(D). The special case of the Heisenberg group H
n is considered.
2.1. Dilatations. Let (IRn, ◦) be a Lie group equipped with a family of group
automorphisms, namely dilatations, F := {δη}η>0 such that, for every η > 0, the
map
δη :
r∏
k=1
IRnk →
r∏
k=1
IRnk
is given by
δη(ξ
(1), ..., ξ(r)) := (ηξ(1), η2ξ(2), ..., ηrξ(r)),
where ξ(k) ∈ IRnk for every k ∈ {1, ..., r} and
r∑
k=1
nk = n.
2.2. Homogeneous dimension. The structure G := (IRn, ◦,F) is called a homo-
geneous group with homogeneous dimension
(2) dimhG :=
r∑
k=1
knk.
From now on, we shall assume that dimhG ≥ 3. We remark that, if dimhG ≤ 3, then
necessarily G = (IRdimhG,+). Note that the number dimhG is naturally associated
to the family F since, for every η > 0, the Jacobian of the map
ξ 7→ δη(ξ), ∀ ξ ∈ IR
n
equals ηdimhG.
2.3. Stratification. Let g be the Lie algebra of left invariant vector fields on G
and assume that g is stratified, that is:
g =
r⊕
k=1
Vk,
where the integer r is called the step of G, Vk is a linear subspace of g, for every
k ∈ {1, ..., r}, and
dimVk = nk, for every k ∈ {1, ..., r};
[V1, Vk] = Vk+1, for 1 ≤ k ≤ r − 1, and [V1, Vr] = {0}.
In this setting the symbol [V1, Vk] denotes the subspace of g generated by the
commutators [X,Y ], where X ∈ V1 and Y ∈ Vk.
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2.4. The notion of Carnot group and subelliptic Laplacian on G. ACarnot
group is a homogeneous group G such that the Lie algebra g associated to G is
stratified.
Moreover, the subelliptic Laplacian operator on G is the second-order differential
operator, given by
∆G :=
n1∑
k=1
X2k ,
where {X1, ..., Xn1} is a basis of V1. We shall denote by
∇G := (X1, ..., Xn1)
the related horizontal gradient.
2.5. Critical Sobolev inequality. A crucial role in the functional analysis on
Carnot groups is played by the following Sobolev-type inequality
(3)
∫
D
|u(ξ)|2
∗
dξ ≤ C
∫
D
|∇Gu(ξ)|
2 dξ, ∀u ∈ C∞0 (D)
due to Folland (see, for instance, [12]). In the above expression C is a positive
constant (independent of u) and
2∗ :=
2dimhG
dimhG− 2
,
is the critical Sobolev exponent. Inequality (3) ensures that if D is a bounded open
(smooth) subset of G, then the function
(4) u 7→ ‖u‖S1
0
(D) :=
(∫
D
|∇Gu(ξ)|
2 dξ
)1/2
is a norm in C∞0 (D).
2.6. Folland-Stein space. We shall denote by S10(D) the Folland-Stein space de-
fined as the completion of C∞0 (D) with respect to the norm ‖ · ‖S10(D). The expo-
nent 2∗ is critical for ∆G since, as in the classical Laplacian setting, the embedding
S10(D) →֒ L
q(D) is compact when 1 ≤ q < 2∗, while it is only continuous if q = 2∗,
see Folland and Stein [13] and the survey paper [21] for related facts.
2.7. The Heisenberg group. The simplest example of Carnot group is provided
by the Heisenberg group Hn := (IR2n+1, ◦), where, for every
p := (p1, ..., p2n, p2n+1) and q := (q1, ..., q2n, q2n+1) ∈ H
n,
the usual group operation ◦ : Hn ×Hn → Hn is given by
p ◦ q :=
(
p1 + q1, ..., p2n + q2n, p2n+1 + q2n+1 +
1
2
2n∑
k=1
(pkqk+n − pk+nqk)
)
and the family of dilatations has the following form
δη(p) := (ηp1, ..., ηp2n, η
2p2n+1), ∀ η > 0.
Thus Hn is a (2n+ 1)-dimensional group and by (2) it follows that
dimhH
n = 2n+ 2,
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and
2∗h := 2
(
n+ 1
n
)
.
The Lie algebra of left invariant vector fields on Hn is denoted by h and its standard
basis is given by
Xk := ∂k −
pn+k
2
∂2n+1, k ∈ {1, ..., n}
Yk := ∂n+k −
pk
2
∂2n+1, k ∈ {1, ..., n}
T := ∂2n+1.
In this case, the only non-trivial commutators relations are
[Xk, Yk] = T, ∀ k ∈ {1, ..., n}.
Finally, the stratification of h is given by
h = span{X1, ..., Xn, Y1, ..., Yn} ⊕ span{T }.
We denote by H10(D) the Folland-Stein space in the Heisenberg group setting, and
by ∆Hn the Kohn-Laplacian operator on H
n.
The Heisenberg group plays a fundamental role in several curvature problems for
CR manifolds. Among the most important ones is, as recalled in Introduction, the
CR-Yamabe problem, which was completely solved by Jerison and Lee [20], and by
Gamara [14] and Gamara-Yacoub [15].
Finally, we cite the monograph [4] for a nice introduction to Carnot groups and
[26] for related topics on variational methods used in this paper.
3. Some technical Lemmas
Let D be a smooth and bounded domain of a Carnot group G with dimhG ≥ 3.
From now on we shall denote by
(5) κ2∗ := sup
u∈S1
0
(D)\{0}
(∫
D
|u(ξ)|2
∗
dξ
)1/2
(∫
D
|∇Gu(ξ)|
2 dξ
)1/2 ,
the best constant of the continuous Sobolev embedding S10(D) →֒ L
2∗(D).
By using the above notations we shall prove the following local weakly lower
semicontinuity property that will be crucial in the sequel.
Proposition 3.1. Let D be a smooth and bounded domain of a Carnot group G
with dimhG ≥ 3. Furthermore, let
BS1
0
(D)(0, ̺) :=
{
u ∈ S10(D) :
(∫
D
|∇Gu(ξ)|
2 dξ
)1/2
≤ ̺
}
be the closed ball centered at 0 and radius ̺ > 0 in the Folland-Stein space S10(D).
Then for every µ > 0, there exists ̺0,µ > 0 such that the functional
(6) Lµ(u) :=
1
2
∫
D
|∇Gu(ξ)|
2 dξ −
µ
2∗
∫
D
|u(ξ)|2
∗
dξ
is sequentially weakly lower semicontinuous on BS1
0
(D)(0, ̺0,µ).
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Proof. Let us fix µ > 0, let ̺ > 0 and take a sequence {uj}j∈IN ⊂ BS1
0
(D)(0, ̺)
weakly convergent to some u∞ ∈ BS1
0
(D)(0, ̺). This means that
(7)
∫
D
〈∇Guj(ξ),∇Gϕ(ξ)〉 dξ →∫
D
〈∇Gu∞(ξ),∇Gϕ(ξ)〉 dξ,
for any ϕ ∈ S10(D), as j → +∞. We will prove that
(8) L := lim inf
j→+∞
(Lµ(uj)− Lµ(u∞)) ≥ 0,
that is
lim inf
j→+∞
{
1
2
[∫
D
|∇Guj(ξ)|
2 dξ −
∫
D
|∇Gu∞(ξ)|
2 dξ
]
−
µ
2∗
[∫
D
|uj(ξ)|
2∗dξ −
∫
D
|u∞(ξ)|
2∗dξ
]}
≥ 0.
Now, by using the following algebraic inequality (see [22, Lemma 4.2])
|b|2 − |a|2 ≥ 2〈a, b− a〉+
1
2
|a− b|2, (∀ a, b ∈ IRn),
with the choices
a := ∇Gu∞(ξ), and b := ∇Guj(ξ),
we get
(9)
1
2
[∫
D
|∇Guj(ξ)|
2 dξ −
∫
D
|∇Gu∞(ξ)|
2 dξ
]
≥
∫
D
〈∇Gu∞(ξ),∇G(uj − u∞)(ξ)〉 dξ
+
1
4
∫
D
|∇G(uj − u∞)(ξ)|
2 dξ.
On the other hand, by the well known Bre´zis-Lieb Lemma (see [29, Lemma 1.32]),
one has
(10)
lim inf
j→+∞
[ ∫
D
|uj(ξ)|
2∗dξ −
∫
D
|u∞(ξ)|
2∗dξ
]
= lim inf
j→+∞
∫
D
|uj(ξ)− u∞(ξ)|
2∗dξ.
Further, testing (7) with ϕ = u∞, it follows that
(11)
∫
D
〈∇Guj(ξ),∇Gu∞(ξ)〉 dξ →∫
D
〈∇Gu∞(ξ),∇Gu∞(ξ)〉 dξ,
as j → +∞.
Hence by using (9) and (10), the above relation (11) yields
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(12)
lim inf
j→+∞
(Lµ(uj)− Lµ(u∞))
≥ lim inf
j→+∞
{
1
4
∫
D
|∇G(uj − u∞)(ξ)|
2 dξ
−
µ
2∗
∫
D
|uj(ξ)− u∞(ξ)|
2∗dξ
}
.
Finally, bearing in mind that S10(D) →֒ L
2∗(D) continuously and owing to {uj −
u∞}j∈IN ⊂ BS1
0
(D)(0, 2̺), by (12) we easily have
(13)
L ≥ lim inf
j→+∞
‖uj − u∞‖
2
S1
0
(D)
(
1
4
−
µκ2
∗
2∗
2∗
‖uj − u∞‖
2∗−2
S1
0
(D)
)
≥ lim inf
j→+∞
‖uj − u∞‖
2
S1
0
(D)
(
1
4
−
µκ2
∗
2∗2
2∗−2
2∗
̺2
∗−2
)
.
Hence, for ̺ sufficiently small, that is
0 < ̺ ≤ ¯̺µ :=
1
2
(
2∗
4µκ2
∗
2∗
) 1
2∗−2
,
by (13) inequality (8) is verified.
Therefore, the functional Lµ is sequentially weakly lower semicontinuous onBS1
0
(D)(0, ̺0,µ),
provided that ̺0,µ ∈ (0, ¯̺µ). 
Remark 3.2. Note that in [10, 28], studying elliptic problems involving p-Laplacian
operators on a bounded Euclidean smooth domain Ω, the authors proved analogous
weakly lower semicontinuity results for the restriction of suitable energy functionals
on small balls of W 1,p0 (Ω).
Fix µ, λ > 0 and denote
Φ(u) := ‖u‖S1
0
(D) and Ψµ,λ(u) :=
µ
2∗
∫
D
|u(ξ)|2
∗
dξ + λ
∫
D
G(u(ξ))dξ,
for every u ∈ S10(D). Here, as usual, we set
(14) G(t) :=
∫ t
0
g(τ)dτ, ∀ t ∈ IR.
The following preparatory results involving the functionals Φ and Ψµ,λ can be
easily proved.
Lemma 3.3. Let µ, λ > 0 and suppose that
lim sup
ε→0+
sup
v∈Φ−1([0,̺0])
Ψµ,λ(v)− sup
v∈Φ−1([0,̺0−ε])
Ψµ,λ(v)
ε
< ̺0,
for some ̺0 > 0. Then
(15) inf
σ<̺0
sup
v∈Φ−1([0,̺0])
Ψµ,λ(v)− sup
v∈Φ−1([0,σ])
Ψµ,λ(v)
̺20 − σ
2
<
1
2
.
Moreover, since the functional Ψµ,λ is sequentially weakly lower semicontinuous
on Φ−1([0, ̺0]), the next proposition holds.
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Lemma 3.4. Let µ, λ > 0 and suppose that condition (15) holds for some ̺0 > 0.
Then
inf
u∈Φ−1([0,̺0))
sup
v∈Φ−1([0,̺0])
Ψµ,λ(v)−Ψµ,λ(u)
̺20 − ‖u‖
2
S1
0
(D)
<
1
2
.
See [11] for more details.
4. The Main Result
The aim of this section is to prove that, for every µ > 0 and λ sufficiently small,
requiring that the perturbation term g has a subcritical growth, weak solutions to
problem (P gµ,λ) below do exist.
We recall that a weak solution for the problem (P gµ,λ), is a function u : D → IR
such that
∫
D
〈∇Gu(ξ),∇Gϕ(ξ)〉 dξ − µ
∫
D
|u(ξ)|2
∗−2u(ξ)ϕ(ξ)dξ
= λ
∫
D
g(u(ξ))ϕ(ξ)dξ, ∀ϕ ∈ S10(D)
u ∈ S10(D).
Our main result reads as follows.
Theorem 4.1. Let D be a smooth and bounded domain of a Carnot group G with
dimhG ≥ 3, and g : IR→ IR a continuous function such that
(g∞) there exist a1, a2 > 0 and p ∈ [1, 2
∗) such that
|g(t)| ≤ a1 + a2|t|
p−1,
for every t ∈ IR.
Then for every µ > 0 there exists an open interval Λµ ⊂ (0,+∞) such that for
every λ ∈ Λµ, the following subelliptic critical problem
(P gµ,λ)
{
−∆Gu = µ|u|
2∗−2u+ λg(u) in D
u|∂D = 0,
admits at least one weak solution in the Folland-Stein space S10(D).
Proof. Let us fix µ > 0 and let ̺µ,max > 0 be the global maximum of the rational
function defined by
(16) hµ(̺) :=
̺− µκ2
∗
2∗̺
2∗−1
a1κ2∗ |D|
2∗−1
2∗ + a2κ
p
2∗ |D|
2∗−p
2∗ ̺p−1
, ∀̺ ≥ 0.
Set ̺0,µ := min{̺µ,max, ¯̺µ} and take
λ ∈ Λµ := (0, hµ(̺0,µ)) .
Hence there exists ̺0,µ,λ ∈ (0, ̺0,µ) such that
(17) λ <
̺0,µ,λ − µκ
2∗
2∗̺
2∗−1
0,µ,λ
a1κ2∗ |D|
2∗−1
2∗
h + a2κ
p
2∗ |D|
2∗−p
2∗ ̺p−10,µ,λ
.
Now, let us consider the functional Jµ,λ : S
1
0(D)→ IR defined by
Jµ,λ(u) :=
1
2
‖u‖2S1
0
(D) −
µ
2∗
∫
D
|u(ξ)|2
∗
dξ
10 GIOVANNI MOLICA BISCI AND DUSˇAN REPOVSˇ
−λ
∫
D
G(u(ξ))dξ, ∀u ∈ S10(D)
where G is given in (14).
Note that, since g has a subcritical growth, the functional Jµ,λ ∈ C
1(S10(D))
and its derivative at u ∈ S10(D) is given by
〈J ′µ,λ(u), ϕ〉 =
∫
D
〈∇Gu(ξ),∇Gϕ(ξ)〉 dξ − µ
∫
D
|u(ξ)|2
∗−2u(ξ)ϕ(ξ)dξ
−λ
∫
D
g(u(ξ))ϕ(ξ)dξ,
for every ϕ ∈ S10(D). Thus the weak solutions of problem (P
g
µ,λ) are exactly the
critical points of the energy functional Jµ,λ. Now, let 0 < ε < ̺0,µ,λ and set
Λλ,µ(ε, ̺0,µ,λ) :=
sup
v∈Φ−1([0,̺0,µ,λ])
Ψµ,λ(v)− sup
v∈Φ−1([0,̺0,µ,λ−ε])
Ψµ,λ(v)
ε
.
Let us prove that
(18) lim sup
ε→0+
Λλ,µ(ε, ̺0,µ,λ) < ̺0,µ,λ.
First, note that
Λλ,µ(ε, ̺0,µ,λ) ≤
1
ε
∣∣∣∣∣ supv∈Φ−1([0,̺0,µ,λ])Ψµ,λ(v)− supv∈Φ−1([0,̺0,µ,λ−ε])Ψµ,λ(v)
∣∣∣∣∣ .
Moreover, it follows that
Λλ,µ(ε, ̺0,µ,λ) ≤ sup
v∈Φ−1([0,1])
∫
D
∣∣∣∣∣
∫ ̺0,µ,λv(ξ)
(̺0,µ,λ−ε)v(ξ)
|fµ,λ(t)|
ε
dt
∣∣∣∣∣ dξ,
where
fµ,λ(t) := µ|t|
2∗−2t+ λg(t), ∀ t ∈ IR.
On the other hand, the growth condition (g∞) yields
sup
v∈Φ−1([0,1])
∫
D
∣∣∣∣∣
∫ ̺0,µ,λv(ξ)
(̺0,µ,λ−ε)v(ξ)
|fµ,λ(t)|
ε
dt
∣∣∣∣∣ dξ ≤ µκ2
∗
2∗
2
(
̺2
∗
0,µ,λ − (̺0,µ,λ − ε)
2∗
ε
)
+λ
(
a1κ2∗ |D|
2∗−1
2∗ + a2
κp2∗
p
(
̺p0,µ,λ − (̺0,µ,λ − ε)
p
ε
)
|D|
2∗−p
2∗
)
.
Thanks to the above relations, passing to the limsup, as ε→ 0+, we get
lim sup
ε→0+
Λλ,µ(ε, ̺0,µ,λ) < pµ,λ(̺0,µ,λ),
where
pµ,λ(̺0,µ,λ) := µκ
2∗
2∗̺
2∗−1
0,µ,λ + λ
(
a1κ2∗ |D|
2∗−1
2∗ + a2κ
p
2∗ |D|
2∗−p
2∗ ̺p−10,µ,λ
)
.
Bearing in mind (17), it follows that
pµ,λ(̺0,µ,λ) < ̺0,µ,λ
and inequality (18) is verified.
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Owing to (18), by Lemmas 3.3 and 3.4, one has
inf
u∈Φ−1([0,̺0,µ,λ))
sup
v∈Φ−1([0,̺0,µ,λ])
Ψµ,λ(v) −Ψµ,λ(u)
̺20,µ,λ − ‖u‖
2
S1
0
(D)
<
1
2
.
The above relation implies that there exists wµ,λ ∈ S
1
0(D) such that
Ψµ,λ(u) ≤ sup
v∈Φ−1([0,̺0,µ,λ])
Ψµ,λ(v) < Ψµ,λ(wµ,λ) +
1
2
(̺20,µ,λ − ‖wµ,λ‖
2
S1
0
(D)),
for every u ∈ Φ−1([0, ̺0,µ,λ]). Thus
(19) Jµ,λ(wµ,λ) :=
1
2
‖wµ,λ‖
2
S1
0
(D) −Ψµ,λ(wµ,λ) <
̺20,µ,λ
2
−Ψλ(u),
for every u ∈ Φ−1([0, ̺0,µ,λ]).
Since ̺0,µ,λ < ¯̺µ, by Lemma 3.1 the energy functional Jµ,λ is sequentially
weakly lower semicontinuous on Φ−1([0, ̺0,µ,λ]), the restriction Jµ,λ|Φ−1([0,̺0,µ,λ])
has a global minimum u0,µ,λ ∈ Φ
−1([0, ̺0,µ,λ]).
Note that u0,µ,λ belongs to Φ
−1([0, ̺0,µ,λ)). Indeed, if ‖u0,µ,λ‖S1
0
(D) = ̺0,µ,λ, by
(19), one has
Jµ,λ(u0,µ,λ) =
̺20,µ,λ
2
−Ψµ,λ(u0,µ,λ) > Jµ,λ(wµ,λ),
which is a contradiction. In conclusion, it follows that u0,µ,λ ∈ S
1
0(D) is a local
minimum for the energy functional Jµ,λ with
‖u0,µ,λ‖S1
0
(D) < ̺0,µ,λ,
hence in particular, a weak solution of problem (P gµ,λ). The proof is now complete.

Remark 4.2. The interval Λµ in Theorem 4.1 can be explicitly localized. More
precisely, one has
Λµ ⊆
(
0,max
̺≥0
hµ(̺)
)
,
where
hµ(̺) :=
̺− µκ2
∗
2∗̺
2∗−1
a1κ2∗ |D|
2∗−1
2∗ + a2κ
p
2∗ |D|
2∗−p
2∗ ̺p−1
, (∀ ̺ ≥ 0)
and |D| denotes the Lebesgue measure of the smooth and bounded domain D ⊂ G.
Notice that in the special case of the Heisenberg group Hn, an explicit expression
of the Sobolev constant κ2∗ was determined by Jerison and Lee in [20, Corollary
C].
Remark 4.3. We observe that Theorem 4.1 remains valid also for subelliptic prob-
lems involving a more general subcritical lower order term, such as
(P˜ gµ,λ)
{
−∆Gu = µ|u|
2∗−2u+ λg(ξ, u) in D
u|∂D = 0,
where g : D × IR→ IR is a non-zero Carathe´odory function such that
|g(ξ, t)| ≤ a1 + a2|t|
r−1 + a3|t|
q−1, ∀ t ∈ IR and a.e. ξ ∈ D,
for some positive constants aj (with j = 1, 2, 3) and 1 < r < 2 ≤ q < 2
∗. In this
case, for every µ > 0, there exists an open interval Σµ ⊂ (0,+∞) such that, for
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every λ ∈ Σµ, problem (P˜
g
µ,λ) admits at least one weak solution in the Folland-Stein
space S10(D). Furthermore the interval Σµ can be explicitly localized and one has
Σµ ⊆
(
0,max
̺≥0
Hµ(̺)
)
,
where
Hµ(̺) :=
̺− µκ2
∗
2∗̺
2∗−1
a1κ2∗ |D|
2∗−1
2∗ + a2κr2∗ |D|
2∗−r
2∗ ̺r−1 + a3κ
q
2∗ |D|
2∗−q
2∗ ̺q−1
,
for every non-negative ̺.
Remark 4.4. We observe that our variational methods are close to the ones
adopted in [10] where the authors require suitable algebraic inequalities, involv-
ing the growth of the perturbation term g, and obtain some existence results for
suitable classes of critical problems in bounded domains of the Euclidean space.
However, due to the presence of the real parameter λ, our technical approaches, as
well as the statements of Theorems 4.1 and 1.1, are different with respect to [10].
For the sake of completeness, see also the papers [1, 11] where a similar variational
method has been used for studying subcritical elliptic equations.
Remark 4.5. Notice that if the identically zero function is not a local minimum
for the energy functional Jµ,λ then any weak solution of problem (P
g
µ,λ) obtained
by using Theorem 4.1 is non-trivial. This fact clearly happens, for instance, if
g(0) 6= 0, as in Example 4.6 below.
A direct application of our main result reads as follows.
Example 4.6. Let D be a smooth and bounded domain of a Carnot group G with
dimhG ≥ 3. By virtue of Theorem 4.1, for every µ > 0 there exists an open interval
Λµ ⊂ (0,+∞) such that for every λ ∈ Λµ, the following critical problem{
−∆Gu = µ|u|
2∗−2u+ λ(1 + |u|p−1) in D
u|∂D = 0,
where p ∈ [1, 2∗), admits at least one non-trivial weak solution in S10(D).
In the next example, bearing in mind Remark 4.3, the existence of one non-trivial
weak solution is achieved in the case g(0) = 0.
Example 4.7. Let D be a smooth and bounded domain of the Heisenberg group
Hn with unitary Lebesgue measure. Furthermore, let α, β ∈ L∞+ (D) and take
1 < r < 2 < q < 2∗h.
By virtue of Theorem 4.1 and Remark 4.3, for every µ > 0 there exists an open
interval Σµ ⊂ (0,+∞) such that for every λ ∈ Σµ, the following critical problem{
−∆Hnu = µ|u|
2∗h−2u+ λ(α(x)|u|r−2u+ β(x)|u|q−1) in D
u|∂D = 0,
has at least weak solution in S10(D).
Notice that, in such a case, the identically zero function is not a local minimum
for the energy functional Jµ,λ. Indeed, fix u0 ∈ S
1
0(D) \ {0} and take ζ > 0. Then,
as it is easy to see, there exists ζ0 > 0 such that
Jµ,λ(ζu0) < 0,
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for every ζ ≤ ζ0.
We conclude that the obtained weak solution is non-trivial and
Σµ ⊆
0, 1
min{κ2∗
h
, κr2∗
h
‖α‖∞, κ
q
2∗
h
‖β‖∞}
max
̺∈Υ
 ̺− µκ2∗h2∗h̺2∗h−1
1 + ̺r−1 + ̺q−1
 ,
where
Υ :=
0, µ
1
2−2∗
h
κ
2∗
h
2∗
h
−2
2∗
h
 .
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